LECTURE 1: PERIODIC FUNCTIONS, FOURIER SERIES AND HALF — RANGE
SERIES

1.0 PERIODIC FUNCTIONS

A function f(x) is said to be periodic if there exists a number T > 0 such that f(x + T) =
f(x) for every x. The T is called the period of f(x).

Intuitively, periodic functions have repetitive behavior.

A periodic function can be defined as a finite interval, then copied and pasted so that it
repeats itself.
Some examples of periodic functions are:-

» With a period 27, sinx and cosx are periodic

» With a period of 2, sin(nx) and cos(nx) are periodic

» If L is a fixed number, then sin(szj and COS [ZTMJ have period L

Note: sine and cosine are the most basic periodic functions.

1.1 FOURIER SERIES
Let g > 0 be a fixed number and f(x) be a periodic function with period 2q, defined on (-
g, q). The Fourier series of the function f(x) is a way of expanding the function f(x) into an

infinite series involving sines and cosines as shown below:
a = nx - . | nmx
flx)="2+>a, cos(—] +>b, sm(—]
2 n=1 q n=1 q

Where ay, a, and b, are known as the fourier coefficients of f(x) and are expressed by the

formulas below:



Things to Note
v’ 1t is okay to calculate the integrals that give the coefficients ay, a, and b, and insert them
back into the series formula, to find the Fourier series.
v' Basically, the function f(x) is defined piecewise.
v The Fourier series has a major advantage over Taylor series since it can be applied or
used to solve functions that have discontinuities.
1.2 USEFUL IDENTITIES FOR FOURIER SERIES
If n is an integer, then:
sin(n;r) =0. For example, sin(;z) = sin(27r) = sin(37z) = sin(l 072) =0

1 even_n

N odd n - For example, cos () = cos (31) = cos(7n) = -1 and

For cosine, COS(I’UZ) = (— 1)” = {

cos (0Om) = cos (2m) = cos (6m) = 1.

1.3 FOURIER COEFFICIENTS OF AN EVEN FUNCTION
For an even function, the formulas for the coefficients are simplified. To be precise, if

n7zx

f(x) is even, f (x)sin(
q

j 1s thus an odd function.

odd

Therefore, b, = 1 I ! f (x)sin(ﬂjdx =0
q 4 —— q

even
odd

From the above expression, it can be deduced that for even functions, b, coefficients are

all 0.

1.4 FOURIER COEFFICIENTS OF AN ODD FUNCTION

If the function f(x) is odd, the ay and a, becomes:

odd

do :lr 7(;)dx=0
g’

odd

/—/%
a, = lj-q f(x)cos(ﬂ}fx =0
q q

even



Note: There could be situations where the function is neither even nor odd. In a situation like

this, the original formula is used to compute the Fourier coefficients.

QUESTION 1
Find the Fourier series for the function below:
(-1 —-2<x<0
fx) = {1 0<x<2

Y

SOLUTION

“i3, ( j+zb ( j

Recall that

From the above equation, it can be seen that f(x) is an odd function. Therefore, ag = a, = 0 for
each n.

For by,
L p()sinl 72
b, = . LI f(x)sm( 5 jdx
=—I sm( jdx+ J sm(nﬂxjdx
2



0 2
2.¢os o —2coS o
1 2 1 2

= — +_
2 nmw 2 nmw
-2 0
0 2
nmux nux
cos| —— —Ccos| —
2 2
= —_— + -~ 7
nrw nrw
-2 0

= L[cos(nz -0)— COS(—W)} + L[— cos(nm)—(— cos(nZ . 0))}
2 nr 2

nir
= R [cos(O) - COS(—7Z7’Z)] + R [— cos(nm)—(— cos(O))]
nr nw

= L-c bR ey -onl= 2 - y]

niw

The Fourier series for the function becomes:

f@ =321y )sin(?j

n=1

Note: It will be observed that the even b, terms are all 0.

QUESTION 2
Find the Fourier series for the function shown below. The cycle with period 27w ranges from x = -

Tto X =T



V4
—T<Xx<—
2
T T
X)=<6 ——<x<—,
S (x) 5 5
T
E<X<7Z'
SOLUTION
f(x):a—°+2an COS(EJ+ZIJ” sin(ﬂJ
2 n=1 q n=1 q
1 pa
a :__[ f(xﬁx:()
q q
Where q = .

For the function,

a, = l{ | %(O)dx +| 5,[ (6)dx + [ (O)dx}
T " Py 2

= o,
T 9
a, =6

To find a,:

a, = 1 Jq f(x) cos(ﬂjdx
q- q

a, = 1 .[7 (0) cos nxdx + F,, (6) cos nxdx + j: (0) cos nxdx
T 3 2
This gives:
” :l 0+ 6sin(nx)|2 40
T n |z
Recall,

sin(-nx) = -sin(nx)



12 . T
a,=—sin| n—
m 2

Ifnis even, a,=0.

If n is odd,
Forn=1,5,9,13, .... @ =12
nrw
Forn=3,7, 11,15, .... ¢ ——12
niw
To find b,:

b = é [ f(x)sin(%jdx

Since the function is even, b, = 0.

By substituting the values into the Fourier series, we obtain:

6 12 cos3x cosS5x cos7x cos9x
flx)==+-"|cosx— L

1.5 A FUNCTION THAT IS NEITHER EVEN OR ODD

A function could also not be even or odd. The Fourier series of the such function will

have both the sine and cosine terms in its series.

QUESTION 3

Find the Fourier series of the function f(x)

0 O<x<rx

fx) =

-x —-—m<x<0

Solution

f(x)=

1
a, =—
q

Ay nmux - .| nmx
—+ Y a cos| — |+ > b sin| —
22‘ (qu; (qj
|| fokix



=— j f(x)cos( , de
=—j flx sm( ]dx

Solution

q=mn

1 sin nx 0 1 ¢0 1 1| —cosnx 0
=——([x } ——I sinnxdx}z——[(O—O)——[ } ]
s n | _ nor T n n .

1
= ——2(1 —CoS I’lﬂ')

cosnit = 1 for all even n
cosnrmt = -1 for all odd n

Therefore,

a, = —iz for odd n and a, =0for even n.
m

To calculate b,

= .[ f sin nxdx = —j sm nxdx

0 .
= ——j xsin nxdx

0
= —l{x( cosnx ﬂ + lJ‘O cos nxdx}
T n L, nTr

. 0
1 |mcosnm N 1| sinnx _ cosnrx
s n n noJ. n

Therefore,




b, = 1 for all even n
n

b, = 1 for all odd n

n
The Fourier series becomes:

T 2 cos3x cosSx . sin2x sin3x sin4dx
flx)==-=|cosx+ + +...|+|sinx— + - +...
4 9 25 2 3 4

1.6 SUMMARY ON EVEN, ODD AND NEITHER EVEN NOR ODD FUNCTIONS
1) For even functions f(x), the series will not contain any sine terms.
i1) For odd functions f(x), the series will not contain any cosine terms.
i) If the function is neither odd nor even, the series will, in general, contain a constant
term, cosine terms and sine terms.
1.7 HARMONICS
A function f(x) is described as a series of a number of different sine components. The

component with the largest period is the first harmonic or fundamental of f(x).

Y= A;sinx is the first harmonic or fundamental

Y= A,sin2x is the second harmonic

Y= Aj3sin3x 1s the third harmonic

Y= Apsinnx is the nth harmonic, with amplitude A, and period = 27t/n
Fundamental

st .
/ wt=r orl Harmonic
_//

nd
/\ 2 Harmonic

rd .
3 Harmonic

N



1.8 PERIODIC FUNCTIONS THAT ARE NON-SINUSODIAL
It should be noted that a function can be periodic without being obviously sinusoidal in
appearance.

Examples of such functions are shown below

1.9 EFFECT OF HARMONICS

The complete representation of a function in Fourier series entails an infinite number of
terms. The effects of including first few terms are shown for the function represented in Fourier
series.
QUESTION 4

Obtain the Fourier series of the function f(x) and show the effect of the inclusion of the

first few terms on the function graphically.

- ; 0 3 L X
r<x<-Z
0 2
T Vs
x)=44 ——<x<—=
f(x) 5 5

0 Tex<n

2



The period T = 2n
The Fourier series is:

cosS5x cos7x
- +
5 7

f(x) :2+§{c0sx— cos 3x +
T 3

Inclusion of terms and its effect graphically

Stage 1

For f(x)= 2+§cosx
Vs

Stage 2

For f(x)=2 +§{c0sx— COS3X}
T

Stage 3

For f(x)=2 +§[cosx— cosdx , cos 5"}
T

3 5

Y

B 1
f(x)

0 L T oy

Stage 4

cosS5x cosT7x

8 cos 3x
For f(x)=2+—|cosx— +
/(%) 77{ 3 5 7

Y
4 r

f(x)

P —_—_ |

ke

|
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Note: It can be observed that as the number of included terms increases, the graph gradually

takes the shape of the original square waveform.

1.10 HALF — RANGE SERIES

There are some situations where a function with period 2z is defined over a range of 0 to
7 as against — to m or 0 to 2x. If one is to proceed with obtaining the Fourier series, various
approaches or assumptions will be made by various persons attempting to obtain a solution.

Let’s take for example the function shown in the figure below. If we are told that between
x=0 and x = =m, f(x) = 2x and noting that the period is 2z, there is no information on how the

function behaves between x = -t and x = 0.

--/—ir————-Zm

-1 0

|
|
|
]
T X
First approach:
If the waveform is constructed as shown in the graph below, the function will be an even

function (the symmetry around the y-axis) and the Fourier series will only have cosine terms

(including possibly ay).

Second Approach
If the waveform is constructed as shown in the graph below, the function will be an odd

function (the symmetry about the origin) and the Fourier series will only have sine terms.

11



T X
-~ e
____.=/___—21r. ______ 7 _
Third Approach

If something different from the earlier two are chosen between x = - and x = 0, then f(x)

will neither be even or odd and the Fourier series will contain ag, the cosine terms and the sine

terms.

Note: The three approaches are all assumptions on how the function behaves between x = -m and
x = 0 but the Fourier series to be obtained will only apply to the defined region of the function

f(x) (i.e. between x = 0 and x = m). For this reason, series obtained are called HALF-RANGE
SERIES.

QUESTION 4
A function f(x) is defined by f(x)=2x O<x<rm

y
27

|
1
|
|
A
T

0 X

f(x+2m) = f(x). Obtain a half-range cosine series to represent the function.

SOLUTION

To obtain a half-range cosine series, an even function is required. The waveform will be

symmetrical at the y-axis as shown in the figure below.

12



The Fourier coefficients are obtained. For have half-range series

a, :lJ.q f(xﬁx=2qu(x)dx=EJWZde:z[xz]g =2
q q-° 70 V4

a = EJ“’ £(x) cos(@jdx = zr 2x cos nxdx = iJ‘ﬂxcos nxdx
q” q e

T 0
:i{xsinnx} —ljﬂsinnxdx}
Vs n o h?
:i{(o_o)_l[—cosnx} }:iz(cosnﬂ—l)

T n n 0 m
cosnrw =1 for even n
cosnm =-—1 for odd n
a,=0 for even n

8
a,=—-— for odd n
m

To determine the value of b,
Since the function f(x) is an even function, b, = 0.

The Fourier series for the function becomes:

8 cos3x cosSx
f(x)=7—=| cosx+ + +...
T 9 25

QUESTION 5

A function shown is shown graphically in the figure below. Obtain a half-range sine

series to represent the function f(x).

13



1
- X
flx)=1+x O<x<rz
Sr+27)= /()
SOLUTION

The waveform between x = -1 and x = 0 should be chosen in a way that the graph will be

symmetric about the origin. This will make the function odd and the series will only contain sine

terms.

Going by this, ap = 0 and a,, =0, since the function is odd.

To calculate b,:

T

n

b, =grf(x)sinnxdx:EJ‘”(1+x)sinnxdx:3{(l+x)_cosnx} +1J‘”cosnxdx}
790 7T 90 n*o

n n o n
2
b, =—[1-(1+7)cosnx]
m
cosnrt=1
cosnm =-1

Therefore,

_4+27
nrw

The Fourier series becomes

4+2n{.
Sin x +
VA

sin 3x

fx)=

2{ 147 1 1[
=—<- CoSnm+—+—

l+7

sinnxT _g{l_
no T\ n n

for even n

for odd n

for all even n

0

COS n?f}

for all odd n
sin 5x sin2x sin4x sin6x
+..]—2 + + +...
5 2 4 6
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